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PREFACE

The National Center for Earthquake Engineering Research (NCEER) was established to expand
and disseminate knowledge about earthquakes, improve earthquake-resistant design, and imple-
ment seismic hazard mitigation procedures to minimize loss of lives and property. The emphasis
is on smructures in the eastern and cenrral United States and lifelines throughout the country that
are found in zones of low, moderate, and high seismicity.

NCEER'’s research and implementation plan in years six through ten {(1991-1996) comprises four
interlocked elements, as shown in the figure below. Element I, Basic Research, is carried out to
support projects in the Applied Research area. Element II, Applied Research, is the major focus
of work for years six through ten. Element III, Demonstration Projects, have been planned to
support Applied Research projects, and will be either case studies or regional studies. Element
IV, Implementation, will result from activity in the four Applied Research projects, and from
Demonstration Projects.
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» Publle Awaraness

Research in the Building Project focuses on the evaluation and rewrofit of buildings in regions of
moderate seismicity. Emphasis is on lightly reinforced concrete buildings, steel semi-rigid
frames, and masonry walls or infills. The research involves small- and medium-scale shake table
tests and full-scale component tests at several institutions. In a parallel effort, analytical models
and computer programs are being developed to aid in the prediction of the response of these
buildings to various types of ground motion.
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Two of the short-term products of the Building Project will be a monograph on the evaluation of
lightly reinforced concrete buildings and a state-of-the-art report on unreinforced masonry.

The protective and intelligent systems program constitutes one of the important areas of
research in the Building Project. Current tasks include the following:

1. Evaluate the performance of full-scale active bracing and active mass dampers already in
place in terms of performance, power requirements, maintenance, reliability and cost.

2. Compare passive and active control strategies in terms of structural type, degree of
effectiveness, cost and long-term reliability.

3. Perform fundamental studies of hybrid control.

4. Develop and test hybrid control systems.

This report describes the effectiveness of a hybrid isolation system using friction controllable
sliding bearings. Two control algorithms, bang-bang control and instantaneous optimal control,
are developed to control the friction force. Their effectiveness is demonstrated by shaking table
experiments and computer simulation.

The hybrid sliding isolation system using friction controllable bearings is physically developed.
Shaking rable experiments are performed using a structural model equipped with the hybrid
system. These experiments demonstrate the advantage of using the hybrid system over the
passive system.

Computer codes to simulate the structural response under passive and hybrid control are
developed. The numerically simulated results show good agreement with the experimental
results. These results verify that the analytical model developed adequately represents the actual
system.
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ABSTRACT

This study deals with a hybrid isolation system using friction controllable sliding bearings
[1,2]. During earthquakes, this isolation system controls the friction force on the sliding
interface between the supported structure and the ground, by adjusting the pressure in
a bearing chamber, to confine the sliding displacement within an acceptable range, while
keeping the transfer of seismic force to a minimum to obtain the best isolation perfbrma.nce.
This is the advantage of the hybrid sliding iéolation system that cannot be achieved by the
passive sliding system.

Instantaneous optimal control and bang-bang control algorithms are developed for con-
trolling the friction force, since standard control theory is difficult to apply in a straightfor-
ward fashion in this case where the control force has a nonlinear feature. The effectiveness
of the algorithms in controlling seismic response of a structural model is demonstrated by
shaking table experiments and computer simulation.

A hybrid sliding isolation system using friction controllable bearings is physically devel-
oped, and shaking table experiments are performed using a rigid structural model equipped
with such a hybrid system. The dynamic characteristics of the control system for bearing
pressure and sliding friction is identified, and the advantage of the hybrid sliding isolation
system over the passive system is demonstrated by experiments.

Computer codes for simulation of structural response under passive or hybrid control are
developed. The numerically simulated results show good agreement with the experimental
results, verifying that the analytical model developed represents the actual system very well.

Both experimental and analytical studies demonstrate the effectiveness of the hybrid

sliding isolation system and suggest its advantageous use in civil structures.



ACKNOWLEDGEMENT

The authors wish to acknowledge the advice and encouragement provided by Professor
T. Fujita of the University of Tokyo. This work was supported partially by the National
Center for Earthquake Engineering Research under Grant Number NCEER 90-2204, and

partially by Taisei Corporation, Tokyo, Japan.



Contents

INTRODUCTION
1.1 Background . . .. .. ... ... . ... e

1.2 Objectives and Hybrid Isolation System . . ... ... .. ... .. .....
1.3 OutlineoftheStudy ... ... ... ... ... ... . . ... . ...

CONTROL ALGORITHMS

2.1 Analytical Model . . . . . ... ... e e
22 Bang-Bang Control . . ... ... ... ... ... . ... . ... e
2.3 Instantaneous Optimal Control .. .. .. ... ... ... .. .. ......

231 Formulation . ... ............... B

SHAKING TABLE EXPERIMENT
3.1 Structure Model and Isolation Device . . . .. ... .. ... ... ......
3.2 Control System and Instrumentation . .. ...................

3.3 Experimental Program . . .. ... .. ... .. ...t

EXPERIMENTAL RESULTS

ix



4.1 System Identification . . ... ... .. ... . ... ... ... 4-1

4.1.1 Response of Pressure to Control Signal . . . ... ... .. ...... 4-1
4.1.2 Relationship Between Friction and Pressure ... ... .. ... ... 4-2
4.1.3 Dependence of Friction on Sliding Velocity . . . . ... ... .. ... 4-7
4.1.4 Response of Friction to Control Signal . . . ... ... .. ... ... 4-9
4.2 Passiveand Hybrid Isolation . . . . .. .. .. ... ... ......... 4-13
4.3 Comparison of Hybrid and PassiveIsolation . ... ... ........... 4=17
44 Study of Control Parameters . . . . . . ... ... ... . ... 4-21
441 Timelntervalof Control . . .. .. .. ... .. ... .. .. ... 4-21
442 Window Comparator . . . . ... .. ..ttt 4-22

5 NUMERICAL SIMULATION

5.1 Analytical Model and Techniques for Numerical Simulation . . . . . . . ... 5-1
5.2 Comparison of Simulation with Experimental Results . . . . ... ... ... 54
5.3 Robustness of System . . . . . . ... oot it i e 5-9
6 CONCLUSIONS -+ - s v s cn o oo s 6~1
7 REFERENCES - « o o oo oooe oo s e 7-1



List of Figures

1.1
1.2
1.3

2.1

3.1
3.2
3.3
3.4
3.5
3.6
3.7

4.1
4.2
4.3
44
4.5

Concept of Hybrid Sliding Isolation System for Buildings . . . .. ... ... 1-6
Concept of Hybrid Sliding Isolation System for Bridges . . . . .. ... ... 1-7
Idealized View of Friction Controllable Sliding Bearing . . .. ... .. ... 1-8
Analytical Model . . . .. ... .. .. . ... . . e -4
Structure Model with Hybrid Sliding Isolation Device . . . . ... ... ... 3-3
Structure Model with Hybrid Sliding Isolation Device in Experiment . . . . . 3-4
Friction Controllable Sliding Bearing . . . ... ................ 3-5
Friction Controllable Sliding Bearing for Experiment . . ... ... .. ... 3-6
Friction Controllable Sliding Bearing in Experiment . . . . .. .. ... ... 3-7
Block Diagram of ControlSystem . . .. ... ... ... ... ........ 3-9
Computer and part of control system in experiment . . . . .. .. ... ... 3-10
Bang-bang Control (Experiment) . . ... ................... 4=3
Identification of Time Constant T; . . . . . .. ... ... ... ........ 4-4
Identification of Time Constant Ty . . . . .. ... .. .. .. .. ...... 4-5
Example of Experimental and Simulated Time Histories of Pressure . . . . . 46
Relationship between Pressure and Normalized Friction Force . . ... ... 4-8

xi



4.6
4.7
4.8
4.9
4.10
411
4.12
4.13
4.14
4.15

5.1
5.2
5.3
5.4

Passive (Experiment) . . . . .. ... ... ... ... .. ... . ... ... 4-10
Identification of Constant k2 . . . . . . .. .. . . . . . ... 4-11

Example of Experimental and Simulated Time Histories of Acceleration . . . 4-12

Instantaneous Optimal Control without Time Delay (Experiment) . . . . . . 4-15
Instantaneous Optimal Control with Time Delay (Experiment) . . . . . . .. 4-16
Comparison of Passive and Hybrid Isolation . . ... ... ... ....... 4-19
Comparison of Passive and Hybrid Isolation (Residual Displacement) . . .. 4-20
Effect of Control Time Interval on Response Acceleration . . . .. ... ... 4-23
Effect of Control Time Interval on Sliding Displacement . . . . . . ... ... 4-24
Study of Window Comparator . . . .. .. .. ... ... ... ........ 4-26
PassiveIsolation . .. .. ... .. ... . ... . ... ... . . . . ..., 5-5
Hybrid Isolation under Bang-Bang Control . . . I 5-6
Hybrid Isolation under Optimal Control without Time Delay . . . . . . . .. 5-7
Hybrid Isolation under Optimal Control with Time delay . . . .. ... ... 5-8

xii



List of Tables

3.1 Experimental Series . . . . . . . ... ...

4.1 TIdentified Parameters . . . . . . . . . . . . e e e e e e e e

xiii



SECTION 1

INTRODUCTION

1.1 Background

Seismic base isolation techniques have been used with increasing popularity to protect
the structures, together with their occupants, secondary systems and internal equipment,
from the damaging effects of earthquakes. The sliding isolation systems, however, have the

following problems:

1. A structure supported entirely by sliding bearings experiences forces at the sliding
interface that are always bounded by the frictional force, regardless of the intensity
and frequency content of the ground excitation. From this view point, the smaller
the coeflicient, the higher the isolation performance. However, Because of unavoidable
residual displacement and possibly excessive sliding displacement associated with such
systems, particularly those with small coefficients of friction, the purely shiding isolation

system 1s difficult to use.
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2. For practice, most of the sliding isolation systems currently in use are equipped with
some form of restoring devices [3, 4, 5]. For a passive sliding system with a restoring
force, the design of coeflicient of friction and stiffness of the restoring device is not
a simple problem. If the coefficient of friction is relatively small, then the isolation
performance is greatly influenced by the stiffness of the restoring device. As a result,
the advantage of the purely sliding isolation system (mentioned above) cannot be
realized. For this reason, the coefficient of friction g is usually designed to the extent
(e.g., p = 0.15 ~ 0.20) that its isolation performance is not unduly influenced by
the stiffness of the restoring device [6, 7]. However such a system becomes totally
ineffective for the earthquakes with peak ground acceleration less than or equal to pg,
in spite of the fact that such small to medium earthquakes occur more often and they
can cause damage to sensitive equipment, valuable items and secondary systems inside

the building.

3. Since a passive sliding isolation system is usually designed and effective for large earth-
quakes with long return periods, the system seldom has the opportunity to be activated
during the service life of the building. For example, the TASS system (Kawamura et al.
1988) was installed in an office building (called J Building) in Yokohama, Japan four
years ago, but has never been activated, although many small earthquakes occurred
in that area during this period. Whether or not the sliding system can maintain the
initially designed value of coefficient of friction throughout the long period of inactivity

remains to be an important practical problem.



1.2 Objectives and Hybrid Isolation System

The objectives of this research are then to physically develop a friction controllable sliding
isolation system which can retain the advantages, while eliminating the disadvantages, of the
purely sliding isolation system, and thus delivers a fundamentally superior isolation perfor-
mance which cannot be achieved by the passive sliding isolation system (with a restoring
device).

To be more specific, this system can intelligently control the friction force on the sliding
interface between the supported structure and the ground so as to confine the sliding dis-
placement in an acceptable range, to reduce the residual displacement, and at the same time,
to minimize the transfer of seismic force to the structure. For small to medium earthquakes,
the friction force can be controlled to a small level to obtain the best isolation performance.
For large earthquakes, the sliding displacement can be confined within an acceptable range
by controlling the friction force, while the minimum isolation performance is guaranteed
by the maximum friction force of the system. Therefore, this friction controllable sliding
isolation system is effective for all intensities of earthquakes, (ranging from small, medium
or large), unlike the passive sliding isolation systems which are usually designed for large
earthquakes.

Furthermore, the confidence in this system can be more easily established than the passive
sliding isolation system for the reason that this system has more opportunities of getting
activated even under small earthquakes which occur more frequently.

To achieve these objectives, this research attempts to:

1. propose and physically develop a friction controllable sliding bearing and a hybrid

sliding isolation system using such bearings,
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2. develop control algorithms for controlling the friction force which has nonlinear char-

acteristics,

3. through experiments and computer simulation analysis, demonstrate the effectiveness
of the hybrid isolation system using friction controllable sliding bearings in controlling
the seismic responses of both a single-degree-of-freedom structural model and a multi-

degree-of-freedom building.

The hybrid isolation system using friction controllable bearings (FCB’s) to be investigated
is conceptually depicted in Figs. 1.1 and 1.2, respectively with a building and a bridge
structure resting on the bearings. Each bearing has a fluid chamber which is connected to
a pressure control system composed of a servo valve, an accumulator and a computer. The
friction on the interface between the bearing and the ground is controlled by adjusting the
fluid pressure in the chamber. The computer calculates an appropriate signal to control the
fluid pressure based on the observed structural response, such as response acceleration and
sliding displacement, and sends it to the pressure control device as shown in Figs. 1.1 and
1.2

The idealized section view of the friction controllable sliding bearing is given in Fig. 1.3.
The bearing made of steel is of disk shape containing a fluid chamber inside which is sealed
by a rubber O-ring around the circular perimeter just inside the sliding interface. A sliding
material such as PTFE plate is placed on the sliding surface.

The word "HYBRID” is used for this friction controllable sliding isolation system, since
it is a combination of the passive sliding isolation system and the active control device.
The system can be a passive sliding isolation system as long as the pressure of the bearing

chamber, and thus the friction is kept at a constant value. At the same time, the system can
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be an active system as long as the pressure is controlled so that the friction is controlled.

In the analytical formulation involving such a hybrid system, the control force does not
appear in the equation of motion as an independent term like the force from an actuator.
The active control in this case is implemented through the friction term in the equation, and
in that sense the system may also be interpreted as ”Semi-Active”.

This hybrid isolation system has the following general advantages: (a) Changing friction
force through controlling pressure requires smaller amounts of energy and power than the
corresponding actuator-driven control system, and as a consequence (b}, the use of accumu-

lators for the source of energy is possible, thus eliminating the necessity of emergency energy

supply system.
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1.3 Outline of the Study

In Section 2, two kinds of control algorithms are newly developed for controlling the fric-
tion force in the sliding isolation system, since standard control theory can not be applied
in a straightforward fashion in this case where the analytical model of the physical system is
nonlinear involving the friction force. These control algorithms are either based on instanta-
neous optimal control theory or bang-bang control method. As to the instantaneous optimal
control, two cases are studied: one takes into account the time delay of the friction control
system, while the other does not. These control algorithms, whether based on instantaneous
optimal control or bang-bang control, are relatively simple and yet robust for on-line control
operations, and they effectively achieve the objectives mentioned above.

In Sections 3 and 4, the experimental study performed on a single-degree-of-freedom
structure installed with a hybrid sliding isolation system is described. The sliding bearing and
its control device are developed. A single-degree-of-freedom model structure is constructed.
Computer codes using the C language for real-time on-line control operations are developed.
The characteristics of the hybrid isolation system is identified by experiments. Then, the
hybrid isolation system which can control the friction force in the sliding interface between the
model structure and the ground (shaking table) is developed. It can act as a passive isolation
system by maintaining the friction force at a certain value. Shaking table experiments of the
model structure equipped with such a sliding isolation systems are carried out to evaluate its
isolation performance under various earthquake excitations with differing levels of'intensities.
The isolation performance of the hybrid system is compared with that of the passive system,
and the advantage of the proposed hybrid sliding isolation system is demonstrated.

In Section 5, related analytical and numerical studies also performed. A computer pro-
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gram for numerical evaluation of the response of the structure under passive or hybrid iso-
lation is developed. The numerical simulation results show a good agreement with the

experimental results, confirming the adequacy of the analytical model and the simulation

method.

Finally, the conclusion of this report is given in Section 6.
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SECTION 2

CONTROL ALGORITHMS

Control of structural response by the proposed hybrid sliding isolation system using
friction controllable bearings presents an unique problem in developing control algorithms.
The reason is that the control force in this sliding isolation system is the friction force, which
depends on the direction of the sliding velocity and thus appears as a nonlinear term in the
equation of motion. For controlling such a nonlinear force, standard control theory is difficult
to apply, and not much research has been done to derive control algorithms. Fujita et al
[8, 9] developed a semi-active seismic isolation system using controllable friction dampers.
In this system, the frictional damping force is controlled by changing the pressure between
the friction elements using an actuator. Linear optimal control algorithm in modern control
theory was applied in a straightforward manner in this study. Since the frictional damping
force is a nonlinear force depending on the direction of velocity, the optimal control force
required by the linear control theory cannot be fully realized by the friction force, and thus
the real "optimal control” can not be implemented. In this respect, Feng and Shinozuka [10,

11] were the first to derive a nonlinear control alorithm on the basis of instantaneous optimal
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control [12, 13] for the system with such a nonlinear control force. By simulation study,
they showed the effectiveness of the control algrithm. In their study, however, nonlinear
differential equations are needed to be solved for control force at every control time instant,
making real-time on-line control operations rather difficult.

In this study, two types of control algorithms, both of which are implementable in real-
time on-line operations, are developed to control the nonlinear friction force in the proposed
hybrid isolation system under earthquake loads. They are developed on the basis of the in-
stantaneous optimal control theory and bang-bang control concept. As to the instantaneous
optimal control, furthermore, two cases are studied: one with the time delay of the friction

contro] system taken into consideration and the other without.



2.1 Analytical Model

A rigid structure supported by the friction controllable sliding bearings is considered.

The motion of the structure can be modeled by a single-degree-of-freedom (SDOF) model

as shown in Fig. 2.1. The equations of motion of the structure under earthquake excitation

can then be written as follows.

1. Sticking Phase — Phase I

z=10, z=-const.

2. Sliding Phase — Phase II

T=-z-— f Sg]l(i‘),
3. Criteria for transition from Phase I to Phase 11

2l > f

4. Criteria for transition from Phase II to Phase |

where

z:  sliding displacement of mass relative to ground

Z:  input earthquake acceleration

coefficient of friction on sliding interface

f+  normalized friction force defined as f = pg
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In the sticking phase, Eq. 2.1 governs the motion of the structure until the Eq. 2.3
becomes true. As soon as the condition in Eq. 2.3 is met, the sliding phase starts and
Eq. 2.2 governs the sliding motion. During the sliding phase, whenever & becomes zero,
the criterion, Eq. 2.4, is checked to determine the subsequent behavior. Validity of the
inequality given by Eq. 2.4 is the condition for entering the sticking phase [14]. That is,
if the inequality holds, the structure will stick to the ground and Eq. 2.1 applies. If the
criterion given by Eq. 2.4 is not satisfied, Eq. 2.1 will continue to govern the the subsequent
sliding motion.

On the other hand, the normalized friction force f on the sliding interface between the
structure and the ground is controlled by changing the fluid pressure in the bearing chamber
through a pressure control system consisting of a computer, servo valve, amplifier, etc. The
dynamic characteristics of the pressure control system are assumed to follow the first order
time delay model:

Tp+p=u (2.6)

where

p:  pressure in fluid chamber of bearing
u: pressure control signal from computer

T: time constant

The normalized friction force f is negatively proportional to the pressure p in the bearing

chamber:
f=—-ap+ec (2.7)

where ¢; and ¢; are constants.
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2.2 Bang-Bang Control

Bang-bang control approach provides a simple and yet often effective algorithm. The
particular algorithm used in this study facilitates the following control: when the sliding
displacement and the velocity of the mass are in the same direction, the pressure control
signal u(t) will be decreased to a minimum value i, to increase the friction force in order
to put the brake on the sliding. On the other hand, when the sliding displacement and
the velocity are in the opposite direction, the pressure control signal will be increased to
a maximum value U, to decrease the friction force in order to make the sliding easier as

much as possible;

u(t) = { Umaz, if sgn(z) = —sgn(z) (2.8)

Umin, 1if sgn(z} = sgn(z)
in which the control parameter, ., and umni,, should be determined carefully, since they
directly influence the control performance.
Umaz Should be set at a level as large as possible in order to reduce the friction force
to a mimimum level, making the mass slide as much as possible. It is, however, limited by
the maximum pressure which can be applied to the bearing chamber. This depends on the

weight W of the structure supported by the bearing:

W
max o 2.
tmaz < {2.9)

where S is the vertically projected area of the fluid chamber of bearing. tm.» should be set

at a small level in order to confine the sliding displacement within an acceptable range,
This bang-bang control algorithm is simple and easy to implement in real-time on-line

control operations, since the control signal only switches between two values, and only the

sliding displacement needs to be measured by a sensor and fed back to the control signal.
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Notice that sgn(z) can be obtained by the displacement signal and does not need to measure
the velociy

However, this algorithm has the following difficulty: In order to confine the sliding dis-
placement within an acceptable range, the smaller value of um,, is needed. The smaller
Umin, however, will lead to the larger seismic response acceleration of the structure and thus
degrade the isolation performance. This conflict can only be alleviated, it appears, by taking

advantage of pertinent optimal control algorithms.
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2.3 Instantaneous Optimal Control

2.3.1 Formulation

As mentioned earlier, control theory has not been well developed for such systems in which
the control force has the nonlinearity, unique to the friction controllable sliding isolation de-
vice. For this reason, an optimal control algorithm for control of the nonlinear friction system
is developed on the basis of the instantaneous optimal control theory originally proposed by
Yang et al. [12, 13].

The optimal pressure control signal u(t) is determined by minimizing the following time
dependent objective function J(¢) at every time instant ¢ for the entire duration of an earth-
quake.

J(t) = qaz®(t) + qs f7(8) + r?(t) (2.10)

in which the normalized friction force f equivalently represents the amount of response
acceleration and also serves as a measure of the transfer of seismic force to the structure. The
weighting coefficient ¢4 and ¢y are non-negative and r is positive. They indicate the relative
importance in the control objectives of the sliding displacement, response acceleration and
pressure control signal, respectively. The basic objectives of the control is to make the
structure slide as much as possible within an acceptable range and at the same time to
ensure the transfer of seismic force to a minimum.

The following control algorithm is derived under the assumption that the structural
motion is always in the sliding phase. The equation of motion given by Eq. 2.2 should
be used as a constraint when minimizing the objective function J(t). The first order time

delay relationship between the control signal and the pressure described in Eq. 2.6, as well
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as the linear relationship between the friction and the pressure shown in Eq. 2.7, are also

constraints. In the present formulation, however, these equations will be solved numerically

using the Newmark’s # method with 8 = 1/6 as shown below and these numerical solutions

will be used as constraints:

Ai(t) = #(t) At + Ai(t) %3

Az(t) = z(t) At + £(t) %t—? + AZ(t) iﬁti
Af(E) = f(0) At +Af(0) 5
From the above equations, one obtains:
#(t) = z(t — At) + &(t — At) At + E(t — At)é-;j + [2(t) — #(t — At)]%;f
F(t) = F(t = At)+ f(t - A1) AL+ [f) — f(t - 205"
Furthermore,
z(t) = a f(t) sgn(2(t)) + b2(t) + d1 (t — At)
f(t) = —cult) + d2(t — AY)
where
—p= __l}iz _ ClAt
e=b=-= c=gmoa
di(t = A1) = 2(t = At) + £t~ A)AL+ 3 & (8~ At) AP
2T e At 1,
da(t — At) = Tt At( 5T T flt—At)+ Ef(t — At)At)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
(2.19)

(2.20)

The numerical solution to Eq. 2.2 given in Eq. 2.16, and the numerical solution to

Eqs. 2.6 and 2.7 expressed in Eq. 2.17 are used as constraints as mentioned above. Thus,
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the following generalized objective function is established by introducing the Lagrangian

multipliers A; and Az:

H(t) = quz®(t) +a; f2() +r (1)
+A1 [2(t) — @ f(2) sgn(£(2)) — b £() — dv (2 - At)]

e [F(8) + ¢ ult) — do (¢ = Ab)] (2.21)

The necessary conditions for minimizing the objective function J(t) are:

0H dH 0H oH oH

el o = - — = —_— = 22
i Y v I W W (2:22)

Substituting Eq. 2.21 into Eq. 2.22 yields the optimal pressure control signal:

u(t) = Fy £(2) + Fy 2(2) sgn(2(2)) (2.23)
where, the control feedback gains Fy and F; are calculated by
_caqd

Fp=—21 Fi= (2.24)

T r

and the displacement z(t) and friction f(t) are used for feedback purpose. Again, notice
that sgn(&) can be obtained from the displacement signal without the need to measure the
velocity. The friction is difficult to measure by a sensor, but the signal from the acceleration
sensor (£(t) + #(¢)) can be used instead of f in the SDOF structure. Therefore, the control
signal becomes:

u(t) = Fy [a(t) + 3(t)| + Fa =(2) sgn(i(t)) (2.25)

In the development of the optimal control algorithm shown above, the time delay of the
control device shown in Eq. 2.6 has been incorporated. In this case, the control is referred

to as “instantanecus optimal control with time delay”.
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If the response of the control device is so fast that the time delay can be ignored, the

relationship between the pressure and the control signal is given by:

p(t) = u(t) (2.26)

The control algorithm is also developed under this condition, in which case the objective

function and Hamiltonian become respectively:
J(t) = qaz’(t) + g5 f7(t) + 7 w'(t) (2-27)
and
H(t) = qaz®(t)+qs fP(1) +r u?(t)
+A1 [2(2) —a f(1) sgn(2(t)) — b Z(t) — d1 (t — At)]
A2 [F(8) + e ult) — ¢ (2.28)

The control based on Eq. 2.26 is referred to as “instantaneous optimal control without time

delay”. By letting the following partial derivatives equal to zero,

oH 0H oOH 0H OH
=0, =0, =0, — =0, — = 2.29
Oz 0, af 0 du 0 )8 0 8Aq °, (229)
the following control signal is obtained:
u(t) = F + Fy z(t) sgn(z(t)) (2.30)
where
- a0y op o 9% (2.31)

T a1 d =
r+gso’ r+gsc’

In this case, only the sliding displacement z(t) needs to be measured and fed back.
Such instantaneous optimal control algorithms are also applicable to deal with other types
of nonlinearity, by establishing a time dependent objective function and using numerical

solutions of nonlinear equations as constraints to minimize objective function.
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2.3.2 Suflicient Condition For Optimal Control

In the original derivations for the instantaneous optimal control algorithms shown above,
the optimal control signals u(t) are obtained from the necessary conditions, such as Eq. 2.22

and Eq. 2.29. In fact, the derived optimal control signals u(t) also satisfy the sufficient

conditions of optimality as will be proved in the following.

The sufficient condition for the optimal solution shown in Eq. 2.23 is given by [15, 16]:

#H #FH 3

x

[6xéf6ul | FEGFZE 1| 6f | >0 (2.32)
2%H _@éf_ 2H du
udz dudf BuT
Taking derivatives of H in Eq. 2.21 obtains:
J*H 0*H *H
axz qd, afz qf, auz L
aZH BZH 2 2 2 2
- T o ZH_OH_ GH _TH_, (23
oz8f Ofoz Jzdu  Oulr Ofou  Oudf

Substitution of Eq. 2.33 into the left hand side of Eq. 2.32 leads to the following expression:

2{q4 (02 +q5 (B +7 (Bu)*]>0 (2.34)

which is true since g; and gy are non-negative and r is positive, Eq. 2.32 is greater than

zero. Thus, the sufficient condition for the optimal solution, Eq. 2.32, is satisfied.

Similarly, it can be shown that the optimal signal derived under the condition of no time

delay, Eq. 2.30, also satisfies the sufficient condition.
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